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The Ultra Quantum Crystal phases observed in quasi-one-dimensional conductors of the Bechgaard 
salts family under magnetic field exhibit both Spin Density Wave order and a Quantized Hall Effect. 
As a result, they also possess a Magneto-Roton mode within the single particle gap, and the usual 
Goldstone modes. The sign reversals of the Quantum Hall Effect have recently been explained within 
the Quantized Nesting Model. I show here that the sign-reversed phases of the Ultra Quantum 
Crystal (the "Ribault Phases") have novel properties compared to the majority sign phases. They 
exhibit at least two Magneto-Roton modes, the energy of which, relative to the single particle gap, 
vary linearly with the magnetic field, with opposite signs, in contrast to the field dependence in the 
majority sign phases. 
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I. INTRODUCTION 

Organic conductors of the Bechgaard salts family, 
{TMTSF)2X where TMTSF = tetramethylselenafulva- 
lene are quasi-one-dimensional (quasi-lD) systems, which 
have been found over the last few years to exhibit fasci- 
nating properties under magnetic field [0-|5j. The typi- 
cal hierarchy of their transfer integrals is: ta = 3000X, 
tb = SOOif, tc — lOK In three members of this fam- 
ily {X — CIO4, PFg, Re04), the metallic phase is de- 
stroyed by a moderate magnetic field H applied along 
the c direction, perpendicular to the most conducting 
planes (a, 5). A cascade of magnetic phases, separated 
by first order transitions appear as the field intensity is 
stepped up: within each sub-phase, which I have called 
" Ultra Quantum Crystal" (UQC in the following) a Spin- 
Density Wave Phase ( FISDW) (i.e. a Quantum Crystal) 
is stabilized with a peculiar electronic structure, charac- 
terized by a small number of exactly filled Landau lev- 
els (bands in fact) Each UQC sub-phase exhibits a 
Quantized Hall conductivity, which is the first example 
of a Quantum Hall Effect in a 3D system. This cascade 
of quantized phases result from an interplay between the 
nesting properties of the Fermi Surface (FS), and the 
quantization of electronic orbits in the field: the wave 
vector of the SDW varies with field so that unpaired car- 
riers in a subphase are always organized in completed 
filled Landau bands. As a result the number of carriers 
in each subphase is quantized, and so is the Hall conduc- 
tivity: (Jxv = 2Ne'^/h. The factor 2 accounts for spin de- 
generacy [Ql [Q. The condensation of the UQC phases re- 
sults from the peculiar electronic strucure of open Fermi 
Surface metal under magnetic field: because of Lorentz 
force, the electronic motion becomes periodic and con- 
fined along the high conductivity direction of the chains 
(a direction) B . The periodic motion of the electrons in 



real space is characterized by a wave vector G = eHb/h, 
b being the interchain distance. (In the rest of this Let- 
ter, wave vectors will be expressed in units of G). As a 
result, the static bare susceptibility of the normal phase, 
Xo(Q) can. be expressed as a sum over weighted strictly 
ID bare susceptibilities which diverge at quantized val- 
ues of the longitudinal component of the wave vector 
QJI — 2kp ~\- n ||-||]. The largest divergence signals 
the appearance of a SDW phase with quantized vector 
Qjl ^ 2kF + N. This Quantized Nesting Model (QNM) 
describes most of the features of the phase diagram in 
a magnetic field. It has been shown recently to explain 
the experimental observation of the Hall plateaux sign re- 
versal when the field varies . Most plateaux exhibit the 
same sign. (By convention I will refer to these plateaux 
as positive ones). The sign reversal has been discovered 
by Ribault in {TMFSF)2ClOi under certain conditions 
of cooling rate . Negative plateaux have been repro- 
duced and also found in {TMTSF)2PFr where their ex- 
istence depends crucially on pressure p-|lO||. Recently, 
Balicas et al have shown that there exists a range of 
pressure for which, in the PFq salt, the sequence of ob- 
served plateaux when the field decreases can be identified 
with the quantum numbers N = 1,2,-2,3,4,5,6,7. A 
more ancient experiment has shown a sequence of phases 
N = 1,2,-2,4,-4,5,6 §]. Hereafter, I will refer to 
the UQC Phase with negative Hall number as "Ribault 
Phases" . 

Zanchi and Montambaux have shown that the neg- 
ative plateaux can be understood within the QNM as- 
suming the dispersion relation in the normal phase to 
be: 

e{\^) = vp{\K\~kF) + e^{\^i_), (l.I) 
ej^(k^) = — 2tb cos kyb — 2tc cos k^c — 2f^ cos 2kyb 
— 2t3 cos 3kyb — 21^ cos Akyb 
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e(fc_L)is a periodic function wh ich describes a warped 
FS. With ^3 = t4 = 0, Eq.dOl ) cannot lead to sign 
reversals, as sign{N) = sign{Q^^ — 2kp) — sign{t'j^) [p|. 
However small values of ^3 ~ .'lt'^^ — 2K, and — .2K 
are sufficient to account for the experimental results of 
Bahcas et al [|o| §. 

The normal metal-FISDW instability hue Tcn[H) is 
given by: 



u.Tcn) = 1/A 
(1.2) 



A is the electronic interaction constant. Eq.(1.2) ex- 
hibits the structure of xo as the sum of one dimen- 
sional terms Xo^ shifted by the magnetic field wave vec- 
tor G = eHb/h. Xo^ oc - ln(max{ui.(2fci. -q),T}/eF)- 
In Eq. (1.2), the coefhcient /„ depends on the dispersion 
relation and H: 

/„(Q±) = 

< eicpi[{T^{p + + T^{p ~ QJ2)) + np] > (1.3) 

where Tj_{p) = {l/huc) ej_{p')dp' and < ... > denotes 
the average over p. 

Let me define a generalized instability temperature 

TN±m' 



(Q± ±'?±)ln — 



n#0 



En 



(1.4) 



In Eq.(|L|), 7 is Euler's constant, Eq is a high energy 
cut-off, and ujc = vfG/2. For m — and q± — 0, 
Tjvim — TcN, the ordering temperature for the iVth sub- 
phase. For m 0, TV±m(gj^) generalizes the definition of 
the critical temperatures on either side of phase N in the 
(T, H) plane. TN±m{q±) are at most equal to the virtual 
transition lines TM±m which can be drawn in the A^th 
subphase part of the phase diagram and which represent 
virtual transition lines to phases with slightly larger free 
energy than the iVth subphase ||ll|. In the {T,H) plane, 
there is an infinite number of continuous lines crossing 
the phase diagram. The upper limit of this family is 
the actual (continuous non analytic) transition line from 
the normal metal to the UQC; this line coincides piece- 
wise with the transition lines labelled by the successive 
integers describing the Quantum Hall conductivity. See 
Fig.(l) . An exam ple of computed network of transition 
lines was given in ||l^] 

Using this network of real and virtual transition lines, 
I showed, with Poilblanc, that the UQC collective modes 
exhibit, aside from the usual Golstone modes linear in 
wave vector, at least one Magneto- Roton (hereafter MR) 
mode within the single particle gap, located at gn — G ~ 
1, Qz = tt/c, and qy some optimum qy jl|jlj]. This mode, 
together with the usual Goldstone modes, is the signa- 
ture of the novel nature of the electron-hole condensate 



in UQC: a Spin Density Wave driven by orbital quanti- 
zation and an Integer Quantum Hall system driven by 
electronic interactions. The MR mode is both a con- 
sequence of quasi ID electronic periodic orbital motion, 
gauge invariance, and the long range crystalline order of 
the Field Induced Phase ||l|l. 

One obvious question comes to mind: are the Rib- 
ault phases the same objects as the phases with positive 
plateaux? At first sight, the answer seems to be posi- 
tive: both have a periodic modulation of Spin Density, 
both exhibit Quantized Hall Plateaux, the only differ- 
ence being the sign of the carriers, in turn connected to a 
quantized wave vector Qn which is larger (smaller) than 
2fci?, for N positive (negative). 

The purpose of this Letter is to point out that the Rib- 
ault Phase of the UQC differs from the usual UQC in 
one important aspect: its collective modes exhibit at least 
two, (sometimes four, or more), low lying MR modes 
within the gap, with different wave vector components 
= Ml and 52 1| = -^'^2 at the magneto-roton minima 
with Mi,M2 integers > 1, (sometimes 5^11 = Mi > 1, i 
from 1 to 4, etc.,) as opposed to one low- lying mode for the 
usual UQC, with wave vector g|[ = 1. Both MR minima, 
relative to the single particle gap, vary with field with 
opposite sign of the derivative versus field, as opposed to 
an almost field independent MR mode in the usual UQC. 
To my knowledge this is the first example of such a rich 
collective mode structure in a quantum condensate. This 
will result in possibly markedly different physical prop- 
erties for the Ribault Phase , as well as its neighbouring 
phases as compared with the usual UQC. [MlnS] 

In order to prove my point, let me recall a few results 
on the UQC collective mode theory Oip^ 



II. NEW MR COLLECTIVE MODES 

The collective modes are obtained from the poles of 
the spin-spin correlation function in the ordered phase, 
in the RPA 0jl2). The equation is: 



(1 - Ax*i_(QN + q, - Xxl-iQ^ - q, ^)) 

-A2fo_(q,c.)f%(q,c.)=0 



(2.1) 



wit h q = Q — Qn = collective mode wave vector. In 
Eq.(yD X+_ are the irreducible bubbles renormalized 
by all possible scatterings on the mean field potentials 
connected to the various gaps. Likewise r° _(q, uj) is the 
extraordinary bubble, also renormalized with all possible 
scatterings. 

The simplest approximation resums to all orders the 
gap Sn — A/at at the Fermi level and takes all other 
gaps into account to second order in perturbation ||ll|,|l2| . 
Then 



_{QN + q,Lo) = J:nljf+„{Qf + q±)x {n~q\\,u;) (2.2) 



and 
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f°_(q,c.) = 

T,nlN+niQ±_ + q±)lN-niQ± - qi^)f" [n - g||,t^) (2.3) 

X and r are for n ~ the objects discussed in in 
connections with collective modes of SDW. For q <C 1 
and w ^ 2(5jv Eq.(2J) describes the usual phase and 
amplitude modes — v^c^ and liP — Vpq^ +46jf. New 
physics appears for g| | = m+6, with ^ <C 1 and m integer. 
In that case, x+-{Qn + (1, oj) ^ x+-{Qn ^ <i, ^^), so that 
Eq. \2.\ ) does not factorize anymore. 

Then an interaction with the gap at TV ± to allows the 
collective mode to propagate in a medium almost identi- 
cal to the case m — and gn <C 1. A second interaction 
allows the outgoing oscillation to retrieve the momen- 
tum lost with the first interaction. The mode with m ^ 
would have exactly the same energy as that with to = 
and (7|| <C 1 «/ all In were equal. Such is not the case, so 
that the phase and amplitude modes of the order param- 
eter are not decoupled anymore for m ^ and, instead of 
a zero energy mode at q \\ — m, a local minimum appears. 
More precisely Eq.( 2.1) reduces to: 



xdnf^ 

\7rTN~-m 



:^o('5,w) 



(f(<5,a;) 



(2.4) 



where TN±m is defined in Eq.( L4), q\\ = 2kp + m + 
6, and (5 <C 1. For simplicity, I restrict the discussion 
here to T=OK 0, [|5|. Then U yields, setting x = 
iUMB.{m,S = 0)/2SN, (a:< 1) |l|: 



In 



N 



[x^ - \l2)h{x) 



In 



N 



N—m 



- {x^ - l/2)h{x) = h^{x)/4: (2.5) 



where h{x) 



Using (2.4) and (2.5), one 



2;(l-a;2)i/2 ■ 

proves the existence of at least one low lying MR mode 
at TO = 1 in the usual UQC case with no Ribault phase 
Iprf . The possibility of other MR minima with m > 1 
was mentionned, but until now no proof was given for 
their existence at energies well inside the single particle 
gap ||ll| . The field dependence of the MR mode at m = 1 
is easy to find when e±i — {Tcn — Tn±i)/Tcn ^ 1- The 



MR minimum is 



(e+i -|- e_i)/2. Since e+i and 



e_i have opposite and nearly equal variation with field 
within the phase N (see ||l^ ) , a^o almost constant within 
a given phase, equal to the value of e±i at their crossing 
point . 

Consider now the Ribault Phase N — ~2 studied by 
Balicas et al. [|l0|, with the sequence of quantum numbers 
1,2,-2,3,4,5,6,7. The lowest lying modes are not at =1 
any more, but at g|| q, = 4 and q^^ p = 5. Consider one 
of these, say q\\^a- Define ea{H) — {Tc^^2 — 72)/7c,-2 for 
Tc-2 > T2 ; €a goes to zero at the transition between 



phases N = —2 and iV = 2; it varies roughly linearly 
with field, with a negative slope of order a few tenth 
of K per T; assume for simplicity Eq, <C 1 in the whole 
Ribault phase. Define also La — ln(Tc__2/T_6). La is 
certainly larger than 1 and slowly varying in the whole 
Ribault phase. Assume it is constant, for simplicity, with 
no loss in generality. The equation for the corresponding 
MR minimum a{H) — ujmr{A)/2S^2 is: 

[e„ - (a^ - l/2)h{a)][La - (a^ - l/2)h{a)] = h^{a)/A (2.6) 

In the (realistic) limit La ^ 1, there is always a so- 
lution a = ao + SaSaiH), where oq < l/v^ and Sq ~ 1 
. At most, a may have a weak additionnal field depen- 
dence oc La^. Similarly, for q\\.p, I find a second MR 
minimum b = bQ + Sf3£f}{H), with ep = (Tc,_2- J3)/Tc,_2, 
which has the same magnitude but a slope opposite to 
that of ea. See Fig. (1). Now Lp = ln(rc,_2/T_7) 
and is large. Around each minimum, the MR dispersion 



is strongly anisotropic |lj]. For S 
<Ri^,0) + sivF6)Ms ~ 1) 



Interesting things 



should happen when the two magneto-roton minima , 
which have commensurate parallel components of their 
wave vectors (here 4 and 5) cross, as they are likely to 
do, somewhere within the Ribault phase 10. Fig. (2) 
summarizes the results for the Ribault phase N = —2. 

The Ribault Phase contaminates the neighbouring nor- 
mal phases: withi n th e = 3 phase, close to the (3,- 
2) transition, Eq.(2.5) , on top of the mode at g|| — 1, 
yields a MR mode at g|| = 5. Since \n{Tc,3/Ts) is not 



small [13 



1[ 



the field dependence of that mode should 
be similar in magnitude to the corresponding mode in the 
Ribault phase, but opposite in sign. The mode at =1 
should keep its much weaker field dependence, because 
the line T2{H) passes through the A^ = 3 phase rather 
close to the actual metal-UQC instability line. The Rib- 
ault phase also exerts its influence on the normal UQC 
when, although thermodynamically unstable, it is close 
to being stable. This situation can be experimentally re- 
alized by tuning the pressure. The A'^ = —2 phase is ac- 
tually quite close to being stable even when t^ ~ t^ ~ 
in Eq.( |l.lD . (See ref. jl^]). As the virtual transition 
line to a Ribault Phase , say with N = —2 nears the 
usual UQC-normal metal transition lines, say A^ = 3 
and N = 2 from below, secondary MR modes appear 
from the bottom of the conduction band, at the wave 
vector of the relevant transition: within the 3 (resp. 2) 
phase, at q\\ = 5, (resp. q\\ — 4). Call 773 (resp. 772) 
the smallest relative distance between the virtual line 
r_2 and the lines Tcs (resp Tc2). Then the lowest new 
MR mode energy is: ^3(773, 5)/2(53 = 0)3(0, 5)/2(53 -I- s,,3?73 
(resp. W2(??2,4)/2,52 - 0^2(0, 4)/2(52 + Sr,^r]2). The field 
dependence follows along similar lines. 

I expect a richer structure yet of MR modes within the 
single particle gap, for the sequence 1,2,-2,4,-4,5,6 If 
the corresponding virtual transition lines in a given sub- 
phase are reasonably close to the true critical line, I find, 
for example in phase —4, four modes at q\\ — 2,7,8,9. 
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Applying the method of this paper, I find that the mode 
at (jf| I =2 should have a much weaker H dependence than 
the modes 7,8,9. 

The occurence of the MR modes of the UQC could have 
measurable consequences on various properties, such as 
transport (T dependence of the longitudinal resistivity 
Pxx), specific heat, NMR relaxation time,) etc. Q p4[ . 
The success of the QNM in explaining the phase diagram 
and the Hall quantization gives added confidence that the 
new type of MR particles described here exists, so that a 
renewed experimental effort is called for to detect them 
and check theoretical predictions on this unique electron- 
hole condensate, the Ultra Quantum Crystal. 
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FIG. 1. Schematic portion of the (T,H) plane containing 
the Ribault phase = —2; actual transition lines (e. g. 
Tc-2 ) are full, virtual ones (e. g. T2) dotted. Only two 
low temperature generic lines are shown, labelled with m and 
m' . H-2,2 are the transition fields. The lines Tg and 

T7 (see discussion of Eq.(2.6)), too close to T = 0, are not 
shown. 

FIG. 2. Structure of MR modes in the Ribault phase 
— —2. The dispersion relation along within the RPA, 
is <j-'^((5) — (^^(O) — VpS'^ around each minimum; the structure 
around S = G/2 is not yet known. The inset shows quali- 
tatively the H dependence of the Ribault phase MR modes 
relative to the single particle gap (continuous lines with slope 
a few tenths of K per T), as opposed to the usual g|| = 1 
mode (dotted line) 
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figure 1 lederer 
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figure 2 lederer 



